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CO-SKEWNESS AND COVARIANCE
IN THE DENVER OTC MARKET
Robert J. Angell
John L. Eatman
Jerry G. Hunt
INTRODUCTION
The objective of this article is the investigation of several
characteristics of the Denver or Rocky Mountain Over-The-Counter (OTC)
Stock Market. The major questions to be considered include the level and
significance of excess returns available in the aftermarket of new stock
issues, and the existence of positive skewness present during the period
studied. Initially, such questions would not appear intractable. P revious
studies of excess returns have been made and are in fact continuing.
Skewness is postulated and tested as a parameter in a model first used by
Kraus and Litzenberger [10]. They referred to the measure as systematic
skewness because of its similitarity to systematic risk as defined in the
Capital Asset Pricing Model of Sharpe [ 14] and Lintner [ 11] . More recently,
Friend and Westerfield [8] have attempted to more comprehensively study
the existence of skewness preference or co-skewness on NYSE portfolio investors.
Previous research has resolved the question of excess returns for most
major organized exchanges in favor of the efficient market hypothesis
(Fama and MacBeth [7] and Black, Jensen, and Scholes [4]). Such results
imply that after initial offerings have been completed, subsequent excess
return residuals are expected to average zero. Most of the earlier works have
concentrated on the national markets and exchanges. Even the work that
has been done in testing for skewness ha been carried out using the national
markets. One exception has been the work of Senchack and Beedles (13]
that demonstrated the existence of higher returns and significant skewness
for the regional submarket they studied, which was the South we t, primarily the Dallas market.
Other relevant research has shown that greater volatility is to be expected in NASDAQ stocks, as can be seen in Stoll's [15] results concerning
unsystematic risk . Furthermo re, Benston and Hagerman [2] had already
shown that one should expect unsystematic risk to be great. They showed
that residual variance of returns was quite significant because it associated
dealers' costs of diversification and costs of trading with price spreads.
Large price spreads imply less efficiency of pricing because it can be attributed partly to insider operations. Such operations and activities are
assumed to occur more frequently in local OTC markets than in the national OTC market. As a consequence, total risk associated with most individual securities is likely to be quite large, and distributions of local
market returns will probably exhibit ignificant skewness. Therefore,
systematic risk is li kely to be a smaller proportion of total risk for the

securities in a local market than for securities in the national market.
Large proportions of unsystematic risk can be predicted for many local
OTC securities, regardless of the market. Yet the Denver market has been
treated as if it were somehow different. Positive skewness of returns in the
Denver market has been found by Angell and Hunt II], and that would
agree with the positive skewness found by Beedles and Senchack . However
no attempt to determine the systematic skewness or co-skewness for OTC
and especially local markets has been attempted. That, then, is the objective
of this study.
SKEWNESS PREFERENCE AND CAPITAL ASSET PRICING
While the notion of skewness in asset returns is not new, Kraus and
Litzenberger developed the model incorporating systematic skewness into a
testable theory. Essentially, they extended the capital asset pricing model by
the addition of the systematic skewness to create a three moment CAPM.
This approach permitted them to bypass or avoid the extension to a zerobeta version of the CAPM as suggested by Black [3]. The basis for the three
moment capital asset pricing model was well-founded in utility theory.
Following Arrow, Kraus and Litzenberger (K-L) note the desirable properties of an investor's utility function as (I) positive marginal utility o f wealth,
(2) decreasing marginal utility of wealth, and (3) non-increasing absolute
risk aversion. Major utility functions possessing the desired features include
the logarithmic, power, and negative exponential utility functions. These
functio ns are expanded in a Taylor series and the remainder are ignored
after three terms. The first two terms are well-known and accepted as a
preference for returns and an aversion for risk in the form of variance. The
third feature above implies risky assets are not in ferior goods a nd has also
been shown to imply that positive skewness would increase expected utility.
As Tsiang (16] notes," ... if we regard the phenomenon of increasi ng absolute risk aversion as absurd, we must acknowledge that a normal riskavert individual would have a preference for s kewness, in addition to an
aversion to dispersion (variance) ... "
The extension of the Sharpe-Lintner CAPM developed by Kraus and
Litzenberger took the form

(1)

where i is the systematic standard devision or beta of the ith risk asset and
Yi is the systematic skewness of the ith risk asset; Ri - RF is the excess rate
of return on the market. The systematic skewness is given by

(2)
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using the moment notation of K-L. Hence, the K-L version of the CAPM
would require calculation of the systematic skewness as the third parameter
and then estimation of equilibrium portfolio returns would proceed .
Of course, the assumption here is that in a local market, the investors
would be willi ng to pay a premium for securities that possess positive
systematic skewness. All investors should prefer positive skewness in the
distribution of excess returns. The relevant point here is that local markets
(OTC) may have greater skewness than national markets. As noted previously, Senchack and Beedles have shown that one regional OTC market
(Southwest) has greater skewness than the national market. Angell and
Hunt have also found skewness in the Denver market. Hence, a reasonable
question would be: does systematic skewness, Yi• provide any reasonable
addition to the CAPM for use in the local OTC markets?
EMPIRICAL TESTING AN D CO-SKEW ESS
Before proceeding to the methodology in the current study, fu rther review of the recent empincal tesung performed b} Friend and Westerfield
should be provided. The significant aspect of the Friend and Westerfield
(F-W) study is its comprehensive nature. The) develop a value-weighted index of stock and bond returns and cover a time period from Ja nuary 1952 •
December 1976 compared 10 a period of January 1936 - June 1970 fo r K-L.
However, K-L used an equal weighted index of stock returns, and all results
were grouped in a portfolio context Furthermore, F-W selected sub-periods
for testing as well as different types of markets. Finally, F-W included stationary and non -stationary regression results.
The systematic skewness 1s called co-skewness by F-W and the model to
test for mean deflated excess returns is given by

(3)

where Bi 1s the beta and oi 1s the co-~kewness value, and Ui is an independently distributed random variable The returns are computed usi ng
relatives, 1.e., Rh is a risk-free relative, R1 1~ a dividend-adjusted return
relative for the it security, and Rm is the market portfolio return relative.
Hence, r i = (Ri
Rr) Rf. The 1mphca1ions of the model (3) are that
YO - 0, YI + Y2
rm, YI is positive but Y2 will have a sign oppo ite
that of the skewness of the market.
One further point that should be noted concerns the tests perfo rmed
when the relationship between the market rate of returns (Rm) and risk-free
rate (Rf) is not what might be assumed. Normally, one might assume that
Rm > Rf, but actually the empirical results on market portfolio measures
can be the reverse. Hence, both K-L and F-W exami ne regressions when the
normal condition ma, not hold. The K-L tests were based on different lending and borrowing rates, while the F-W tests were made for sub-periods of
the total 1952-1976 periods when Rm < Rf. Alt hough such a result , when
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the risk differentials are negative, could not occur if expectational values
were used in the CAPM as required by the ex ante assumption, the ex post
measured a nd computed values can and do provide such outcomes. However, this is not an attempt to enter the R. Roll [12) controversy over the em.
pirical testing of the CAPM .
The results obtained by K-L, in the average of their cross-sectional results, demonstrated that the inte;cept term in (1) (of this paper) was insignificant, the coefficient of beta (b ,) wa~ positive and significant, and the coefficient of the systematic skewness (b,) was significant and negative, as expected by the positive skewness of the market during the test period . The
results of F-W are not so easy to characterize. First, the intercept term was
usually significant, leading F-W to conclude that the K-L results were
perhaps period-specific. Second, the F-W results include many sub-period
tests and these are quite variable. Some of the beta coefficients (Y ,) had
incorrect signs (negative), while some of the co-skewness coefficients (Y,)
had the wrong signs relative to the market skewness. However, the F-W results do indicate that co-skewness was a significant addition to the covariance in explaining returns on individual risky securities. Hence, F-W
would at most give mixed support to the K-L results, but conclude that the
time periods and estimation procedures are possibly reasons for the outcomes.
METHODOLOGY AND DATA SOURCES
In most past research a variety of measures of security returns have
been used. Yet, Brown and Warner [5) and others such as Ibbotson [9) have
recently shown that the one-factor market model is superior or equal in
most event analyses, and the present authors have done such research on the
local OTC market studied here. There seems to be little or no doubt that
correctly adjusted-for-risk returns are the proper measures for both initial
offerings and aftermarket activity in securities markets. Hence, in order to
determine excess return residuals, measures of variability, serial correlations of excess returns , and even skewness, it is necessary to accept the riskadjusting model. The objective would be to determine the fitness of the
three-parameter CAPM for ascertaining excess returns by estimating from a
sub-period and then employ the parameters in the risk-adjusting process for
the desired period.
The methodology employed here consists of the selection of a sample
of new and quite low-priced security offerings. The securities were first offered during the period 1977-1980. The offerings occurred in the Denver
OTC market and many of them qualify as "penny stocks." A total of fortyeight securities were selected, but the seasoning period was not constant.
Hence, the data availability ranged from 144 to 26 weeks. Weekly bid-ask
prices were collected with no adjustments for dealer markups or commissions. While a variety of sources were examined, The Denver Post [6) was
the ultimate source. Other sources, including The Waif Street Journal [1 7]

4

and NASDAQ itself, were available for part of the securities for part of the
period. The decision was made to use the most reliable, continuous source
of the information.
The measures of interest in this study were the excess returns in the
after-market, and the initial period returns were not considered here, having
been studied previously by the current authors and others for other
markets. In using the prices, the decision was made to use an imputed price
determined as the mean of the bid and ask prices instead of adding a dealer
spread to the ask prices. This was done to more accurately reflect the large
bid-ask spreads and very small dealer spreads. (An actual analysis of the
spreads has not been conducted yet, but is underway by the authors.) In
order to make the results more comparable with the K-L and F-W studies,
price and risk-free rate relatives were used. Weekly observations were collected, and thus the return relatives were simply
(4)

Dividends were not included in this formulation because none of the
securities paid dividends. Similarly, the market portfolio was represented by
the NASDAQ Index, and with dividends ignored, the return relatives were
given by
(5)

where NA 1 represents the value of the NASDAQ Index for the 1th week during the sample period.
In assuming the CAPM, either in one-parameter or three-parameter
form, the risk-free rate must be determined. The annual yield on the 91-day
Treasury Bills for the week in question was obtained. The annual yield was
converted to a weekly compou nd rate plus unity as follows:
(6)

where x = 1/ 52, and rft refers to the annual yield on the T-Bill for week t.
In converting the returns to returns relative LO the risk-free rate, the
forms used by K-L and F-W, the following were used:
and rm 1

=

(7)

The definitions of beta and co-skewness follow from the previously given
forms as developed by K-L and F-W. The present study follows the notation
of F-W, viz.,
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gives the beta, while the co-skewness is given by
(9)

The market skewness is defined as the third central moment using the return
relatives, i.e.,
(10)

where is the number of weeks. The three parameter CAPM, as advanced
by K-L, using the notation of F-W, was gi,en as relatton (3),
fi =Yo+ Y18i .._ Y26i + Ui,

(3)

where the random variable Uj could be suppressed for the regressions, since
it has an expected \alue of zero.
RESuLTS OF E~PIRICAL TESTS OF CAP~1 A'\/D CO-SKEW ESS
The results of determing the beta and co-skewness parameter estimates
for the ecurities m the sample portfolio are given in Exhibit I. Also included are the mean weekl) excess returns for the sample secumies. It can
be seen that four securities have been eliminated from the hst; the deletions
were required because of missing observations or other data deficiencies.
Exhibit 2 provides the results of est1matmg the three parameter CAPM
as defined by equation (3) In comparison \\ith the F-\\ regressions, the version tested here corresponds to the market condition that Rm > Rf and for
the case of md1v1dual securittes v. 1th no grouping. Of course, the results
here are based on a market mdex of stock returns. In order to consider the
effects of the index, the above procedures were repeated wJth an equalweighted stock index constructed from the sample of securities included.
The results given in Exhibit 2 are denoted DOTC The results are not veJ')
similar to those based on NASDAQ, although slightly more significani
results appear.
Careful scrutmy of the results presented in Exhibits I and 2 will reveal
some suggestive, but inconclusive outcomes. First, consider the NASDAQ
security betas in Exhibit I . The values arc not only quite variable, but there
are twenty-three negative betas The impression would be that one could
select secunttes wnh large posiuve systemauc nsk mdexes or large negatile
systematic risk indexes. For those who believe that local OTC markets, and
Denver in particular, are both more volatile and more likely to move
counter to the national markets, the negative betas lend support. Second,
the co-skewness values are large and variable enough to have come from
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such a local OTC market. The fact that almost none of the mean excess
return values is significant would raise questions about the stability or stationarity of the beta and co-skewness statistics.
The results in Exhibit 2 are similarly suggestive, but inconclusive. First,
for both indexes, as suggested by K-L, the intercept term is insignificant,
i.e., E (Y o) = 0. Second, the coefficient of beta, Y ,, is negative for
NASDAQ and positve for DOTC. It is only significant for the DOTC Index. The coefficent of co-skewness, Y , , is negative for both indexes, as expected, since the market demonstrated positive skewness. However, the
coefficient or market price of co-skewness is not significant for either index,
even at moderate levels of risk. Hence, one could say that the inconclusive
nature of the results is more supportive of the F-W results than the K-L
results. Despite the fact that co-skewness was significant in many of the
F-W tests, the levels of R' for the three-parameter CAPM tests were of the
same magnitudes as the .051 and .215 found in the Denver OTC market.
The tantalizing conclusion seems to be that the K-L extension of the CAPM
to use co-skewness as a parameter does not adequately represent the investor decision framework in the Denver OTC market for the time period
studied .
SUMMARY A D CONCLUS IONS
This paper provides a test of the Kraus-L11zenberger Three Parameter
Capital Asset Pricing Model for the Demer OTC or "penn1 stock" market.
The basic notion that investors prefer positive skewness of returns in addition to higher returns and lower variance seems reasonable for all asset
markets. In fact, based on the previous research indicating possibly more
skewness in the local and regional security markets, there would be a strong
presumption that the three parameter CAPM, including co-skewness,
would prove to be a significant model for predicting excess returns in
markets such as Denver's. However, the results do not support the use of
co-skewness, even though they do not support the alternative CAPM particularly well either.
The conclusions remam very tentative because of the lack of statistical
significance of several tests. On one hand, it is difficult 10 ignore low R'
values and weakness of statistical significance. On the other hand , the
similarity of the results to those of F-W m not supporting the K-L position
should not be ignored. Another pertinent consideration 1s the extent to
which the apparent difference in local OTC markets, such as the Denver one
studied here, can be expected to provide results at variance with research
covering the major national markets. While individual secu rities, such as
penny stocks, may appear to behave in a contrary fashion to the national
markets, that fact does not mean that the local market is essentially
dissimilar. Markets, after all, are aggregations of individual securities, each
with its own covariance (and co-skewness) with an overall index of risky
assets or securities. With freely fluctuating prices, it should not be surprising that results in su pport of the efficient markets hypothesis occur in
studies of local OTC markets.
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EXHIBIT 1.
tatistics for the Denver OTC tock Market,
Weeks 126-144, Aftermarket Anal)sis

Securit y

Mean Excess Return*

Beta

I
3
4
5
6
7
8
9
10
11
14
15
16
17
19

0.01178
0.o3180
0.04150
-0.00303
-0.00569
0.00254
-0.01369
-0.01982
-0.027 16
0.01185
-0.00312
-0.01642
-0.01035
0.01783
0.022 10

-1.00452
3.78776
-4.31738
1.83777
-0.33375
2.54860
-0.60979
5.06519
-0.84525
0.0516 1
4.12237
0.29060
-0.28 114
1.50366
1.59832

Co- ke~ne
- 9.81053
22.82365
-19.43002
30.7562 1
5.97328
-12.32383
11.57165
- 14.16467
11.91330
- 15 .39481
52.63602
- 7 .57453
4.62440
11 .25339
15.11925
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-0 .00948
0 .00741
0.00851
0.04596
0.01343
-0.01480
-0.01629
-0.0095 1
-0.021 15
-0.03504
-0.00970
0.02254
-0.00425
0.04206
-0.04758
0.05324
0.00188
0.01592
0.01676
-0.02398
0.00934
-0.00053
0.00918
0.00426
0.00399
0.02806
0.00819
0.02720
-0.02514

20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48

3.96196
-5.74158
-0.77074
0.04559
-2.15 139
5.33273
-1 70870
1.60472
-1.11378
1 78824
-2.03337
3.79216
-3.03828
-4 20596
0.32872
-4.79449
-2 29790
0.74155
-1.76991
0.76277
3.75576
-2.45685
2 53423
0 26204
-1.98337
o . ➔~46~

-1.56307
-0.82810
-1.33781

20. 13478
- 15 .29942
-18.80869
-23.57541
-18.75006
22.29965
- 6. 78747
- 12.36337
- 4.84887
17.06482
-24.78964
- 15.33571
29.51 239
- 14.89850
18.29984
22.78670
- 6.00956
24.52441
8.52566
-12.08960
-27.0 1393
-15.25 185
- 3.20782
21.76280
4.09167
2.93276
3 24526
3 27600
9 77055

•1n decimal form per ,,eek.

EXHIBIT 2
Re~ression Resulls for Three Parameter CAPM,
Denver OTC, Weeki~ Data , 1980
Index
ASDAQ

DOTC

Y,

0.002334
(0. 70)

-0.00 1679
(-1.28)

0.000890
(-0.47)

0.051

0.1491!

-0.0031 11
(-0.84)

0.0054 15
(2.76)*

-0.000494
(- 1.10)

0.163

0.01821

*Significant a1 I % or less.
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